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Abstrat
In this paper the equation of state of hot neutron matter is alulated.
Involving the Oppenheimer-Volkov- Tolman equation global parameters
of a neutron star at the nite temperature are obtained. The objetive
of our work was to study the inuene of the temperature on the main
parameters of a neutron star.
1 Introdution
This paper is onerned with a neutron star and its marosopi parameters
suh as the mass M and the radius R whih are inuened by the temperature.
Both the mass and the radius as well as the ooling evolution are determined
rst of all by the equation of state.
Considering the matter of a neutron star one should take into aount not only
neutrons but as the most elementary model has it neutrons, protons and leptons.
This paper presents a basi model of neutron star matter inluding interations
among nuleons in the Hartree approximation [1℄[2℄. Inreasing interest in neu-
tron matter at nite temperature has been observed reently in relation to the
problems of hot neutron stars and of protoneutron stars and their evolutions in
partiular. Theories onerning protoneutron stars are being disussed in works
by Prakash et. al. [3℄. Some other elements like hyperons, mesons or quarks
ould be also found in the interior of a neutron star but their relevane is not
going to be inluded in our work.
One an divide this paper into two parts. In the rst one thermodynami proper-
ties of Fermi gas, whih onsists of neutrons, protons and leptons, are examined.
The properties of the quark matter at nite temperature were also looked into
in [4℄. The range of temperatures onsidered vary from 0-50 MeV. Analytial
forms for the pressure, energy density and fermion number density has been
alulated in order to solve the OTV equation. Solution of this equation is the
main subjet of the seond part.
1
2 General Theory
The aim of this paper is to present a rudimentary approah to the equation of
state for neutron stars at the nite temperature. In suh an approah the neu-
tron star matter onsists of eletrially neutral plasma whih omprises protons,
neutrons and eletrons. The Lagrange density funtion in this model is given
by
L = iψγµ∂µψ − ψ¯Mψ + v < ψ¯ψ > ψ¯ψ − 1
2
v < ψ¯ψ >2 + (1)
i
2∑
f=1
Lfγ
µ∂µLf −
2∑
f=1
gf(LfHeRf + h.c.)− 1
2κ
R
where κ = 8πG/c4 and R is the Rii urvature salar. The fermion elds are
omposed of neutrons, protons and eletrons, muons and neutrinos
ψ =
(
ψn
ψp
)
, L1 =
[
νe
e−
]
L
, L2 =
[
νµ
µ−
]
L
, eRf = (e
−
R, µ
−
R) (2)
and the Higgs eld H takes the form of
H =
1√
2
(
0
V
)
(3)
Nuleon masses are given by
M =
(
mn 0
0 mp
)
(4)
The eletron and muon masses equalme = g1V/
√
2, mµ = g2V/
√
2 respetively
where V = 240 GeV. The model desribes nulear interation in the Hartree
approximation for v 6= 0 [1℄. Introduing the interation one an obtain the
eetive nuleon mass
M∗ = M − v < ψ¯ψ > (5)
The onstant term appearing in (1)is responsible for the negative pressure
P =
1
2
v < ψ¯ψ >2 (6)
This model is the simple approximation of the relativisti mean led theory [1℄.
The equation (5) is a highly nonlinear equation due to the average < ψψ >
whih is dened as
< ψψ >=
M∗M2
π2
∫ ∞
0
y2dy√
y2 + δ2
{ 1
exp(β(ǫk − µ)) + 1+
1
exp(β(ǫk + µ)) + 1
}
2
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Figure 1: The eetive nulear mass
The solution of the equation (5) help us to dene the parameter δ = meff/m.
The term meff denotes fermion eetive mass whih for nuleons is written as
meff = M
∗
whereas for leptons meff = m thus δ = 1. Fig. 1 shows the relation
between the parameter δ and the dimensionless Fermi momentum x for three
dierent temperatures T = 0, 10, 50 MeV. The simplest ase orresponds to
L2 parameter set [1℄. In the relativisti mean led theory it orresponds to
ms = 520MeV and gs = 10.47 what gives
v =
gs
m2s
The fermion number density, energy density and pressure inside the star are
dened loally as quantum averages. One an alulate suh quantum averages
employing the following equation
< A >=
1
Z
Tr(e
−β(H−
∑
f
µfNf )A) (7)
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where A is an observable, H is the Hamiltonian of the system and
Z = Tr(e
−β(H−
∑
f
µfNf ))
is a partition funtion. In this equation β = 1/kBT . Let us now dene some
operators indispensable in our alulations: the fermion number operator
Nf =
∑
k,σ
(c+
k,σ,f
c
k,σ,f − d+
k,σ,f
d
k,σ,f ) (8)
where the index f stands for neutrons, protons and eletrons (f = p, n, e) and
c+
k,σ,f
, c
k,σ,f and d
+
k,σ,f
, d
k,σ,f are reation and annihilation operators for par-
tiles and antipartiles respetively, the fermioni Hamiltonian H (ignoring the
zero-point energy)
H =
∑
f
∑
k,σ
ǫ
k,f (c
+
k,σ,f
c
k,σ,f + d
+
k,σ,f
d
k,σ,f) (9)
with ǫ
k,f = c
√
h¯2k2 +m2fc
2
and the pressure with an isotropi distribution of
momenta given by
Pf =
1
3
∑
f
∑
k,σ
h¯kv
k,f(c
+
k,σ,f
c
k,σ,f + d
+
k,σ,f
d
k,σ,f ) (10)
where veloity equals v
k,f = h¯kc
2/ǫ
k,f . The mean number of fermions is de-
termined by the following equation
< c+
k,σ,f
c
k,σ,f >=
1
exp(β(ǫ
k,f − µf )) + 1
(11)
where µf stands for the fermion hemial potential. Neutrons, protons and
eletrons are in β-equilibrium whih an be desribed as a relation among their
hemial potentials
µp + µe = µn (12)
where µp, µn and µe stand for proton, neutron and eletron hemial potentials
respetively. If the eletron Fermi energy is high enough (greater then the
muon mass) in the neutron star matter muons start to appear as a result of the
following reation
e− → µ− + νe + νµ (13)
The hemial equilibrium between muons and eletrons an be desribed by the
ondition
µµ = µe (14)
The equation (12) together with the harge neutrality ne + nµ = np allows us
to determine the equation of state in terms of only one parameter xn. It denes
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the dimensionless Fermi momentum of a neutron xn = (h¯kn)/(mnc). Using the
stated above onditions and the equation
µf = mfc
2(1 + x2f )
1/2
(15)
the relations between xn = x and xp an be obtained
In the marosopi limit an integral is allowed to replae a sum
∑
k
→ V
(2π)3
∫
d3k (16)
and for eah fermion the quantum averages nf representing the partile number
density nf =< Nf > /V , εf the energy density and Pf the pressure an now
be written as
nf (µf , T ) = n0Θ(r, y) (17)
εf(µf , T ) = c
2ρ(µf , T ) = ε0χ(r, y) (18)
P (µf , T ) = P0Φ(r, y) (19)
The forms of these quantum averages are determined by the funtions Θ(r, y),
χ(r, y) and Φ(r, y) whih are presented below.
Φ(r, y) =
1
3π2
∫ ∞
0
z4dz√
z2 + δ2y2
{ 1
exp (
√
z2 + δ2y2 − ry) + 1
(20)
+
1
exp (
√
z2 + δ2y2 + ry) + 1
}
Θ(r, y) =
∫ ∞
0
z2dz{ 1
exp (
√
z2 + δ2y2 − ry) + 1 (21)
− 1
exp (
√
z2 + δ2y2 + ry) + 1
}
χ(r, y) =
1
π2
∫ ∞
0
dz
√
z2 + δ2y2{ 1
exp (
√
z2 + δ2y2 − ry) + 1 (22)
+
1
exp (
√
z2 + δ2y2 + ry) + 1
}
with the following dimensionless variables δ = meff/m, y = mc
2/kBT , z =
h¯kc/kBT and r = µf/mc
2
. The forms of the dimensionless variables are the
same as those used byWeldon in his work [5℄, [6℄. The fermion hemial potential
µf is given by the relation (15). Mutual relations between y and temperature
as well as between r and µf result in dependene of funtions Θ, Φ and χ on
the dimensionless Fermi momentum x and the temperature T .
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When the temperature equals zero the Shapiro for result free nuleons an be
reprodued [9℄
Φ(x, 0) =
1
8π2
{x
√
1 + x2(2x2/3 − 1) + ln(x+
√
1 + x2)} (23)
whih in the nonrelativisti limit x << 1 yields
Φ(x, 0)→ 1
15π2
x5 (24)
and the equation of state takes the form of the polytrope Γ = 5/3. The forms
of the funtions Θ, χ and Φ indiate their relations with the funtions Hn(r, y)
and Gn(r, y) whih are used in order to evaluate thermodynami properties of
the matter [7℄
Hn(r, y) =
∫ ∞
0
zn−1dz√
z2 + δ2y2
{ 1
exp(
√
z2 + δ2y2 − ry) + 1 (25)
+
1
exp(
√
z2 + δ2y2 + ry) + 1
}
Gn(r, y) =
∫ ∞
0
zn−1dz{ 1
exp(
√
z2 + δ2y2 − ry) + 1 (26)
− 1
exp(
√
z2 + δ2y2 + ry) + 1
}
The ase where the interation in the Lagrange funtion (1) is negleted (free
nuleons) is equivalent to the one where δ in equations (25,26). These two
terms in both equations (25,26) orrespond to the ontribution of partiles and
antipartiles, respetively and the funtionsHn(r, y) and Gn(r, y) an be written
as
Hn(r, y) = hn(r, y) + hn(−r, y)
Gn(r, y) = gn(r, y)− gn(−r, y) (27)
Both the pressure Pf and the energy density εf of the fermion system an be
expressed with the use of the funtions presented above
Pf =
1
3π2
P0(
λ
λT
)4{H5(rp, yp) +H5(rn, yn) +H5(re, ye)} (28)
where P0 = (mf c
2)/λ3, the fermion Compton wavelength λ = h¯/(mfc) and
λT = (ch¯)/(kBT )
εf =
1
π2
P0(
λ
λT
)4{H5(rp, yp) +H5(rn, yn) +H5(re, ye) (29)
+ H3(rn, yn) +H3(rp, yp) +H3(re, ye)}
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Our rst step is to nd the pressure and energy density for nuleons and muons
(δ = 1) whih orresponds to the nonrelativisti limit of the funtions Gn(r, y)
and Hn(r, y). Suh a limit means either the ase of large mass or low tempera-
ture. Introduing the new variable ω = exp (y −
√
x2 + y2) the following forms
of the funtions are ahieved
h5(r, y) =
∫ 1
0
(− lnω)3/2(2yδ − lnω)3/2dω
ey(δ−r) + ω
(30)
g5(r, y) =
∫ 1
0
(− lnω)3/2(2yδ − lnω)3/2(yδ − lnω)dω
ey(δ−r) + ω
(31)
The alulation of these integrals has been performed on the basis of the method
presented by Weldon in his work [5℄, [6℄. Making use of the fat that | ln ω2yδ | < 1
in this approximation and expanding the numerators under that assumption, the
funtions h5 and g5 an be written in the form of
h5(r, y) = (2yδ)
3/2
∞∑
k=0
Γ(52 )
(2δy)kΓ(32 − k)k!
∫ 1
0
(− lnω)3/2+kdω
ey(δ−r) + ω
(32)
g5(r, y) = (2yδ)
3/2
∞∑
k=0
Γ(52 )
(2yδ)kΓ(32 − k)k!
∫ 1
0
(− lnω)3/2(2yδ − lnω)3/2dω
ey(δ−r) + ω
(33)
Having integrated the obtained equations term by term the nal forms of the
funtion emerge:
h5(r, y) = (2yδ)
3/2Γ(
5
2
)
∞∑
k=0
Γ(52 + k)
Γ(52 − k)k!
(
1
2yδ
)kLik+5/2(−ey(r−δ)) (34)
g5(r, y) = (2yδ)
3/2Γ(
5
2
)
∞∑
k=0
1
Γ(52 − k)k!
(
1
2yδ
)k (35)
(yδLik+5/2(−ey(r−δ))Γ(
5
2
+ k) + Γ(
7
2
+ k)Li7/2+k(−ey(r−δ)))
In order to alulate the ontribution of eletrons to the total pressure Pf and
the energy density εf , the relativisti ase should be onsidered. In this very
ase the variable y tends to zero. It is neessary to alulate the mentioned
above funtions Hn(r, y) and Gn(r, y) in the relativisti limit, where again the
method used by Weldon in [5℄, [6℄ has been involved. These funtions obey the
reursion relations
dGn+1
dy
= lrHn+1 − y
n
Gn−1 +
y2r
n
Hn−1
dHn+1
dy
=
r
y
Gn−1 − y
n
Hn−1 (36)
7
Thus the funtions H1(r, y) and G1(r, y) together with the initial onditions
Gn(0, 0) = 0
Hn(0, 0) = 2(1− 22−n)Γ(n− 1)ζ(n− 1) (37)
are suient to determine the funtions H5(r, y) and H3(r, y) whih in turn are
indispensable to alulate the pressure and energy density. The identity
1
exp y + 1
=
1
2
− 2
∞∑
0
y
y2 + π2(2n+ 1)2
(38)
originated from Dolan and Jakiw [8℄ gives us the possibility to write the fun-
tions H1 and G1 as
H1(r, y) = −
∫ ∞
0
dz√
(z2 + y2)
(39)
− 4
∞∑
n=0
∫ ∞
0
[z2 + y2(1− r2) + (2n+ 1)2π2]dz
[z2 + y2(1 − r2) + (2n+ 1)2π2]2 + 4π2r2y2(2n+ 1)2
G1(r, y) = −4ry
∞∑
n=0
∫ ∞
0
[z2 + y2(1− r2)− (2n+ 1)2π2]dz
[z2 + y2(1− r2) + (2n+ 1)2π2]2 + 4π2r2y2(2n+ 1)2
(40)
The integrands in these equations are multiplied by the onvergent fator z−ε
and after its expansion as a power series in y the term by term integration is
performed. In the next step the summation over n is arried out. In the last
stage the limit ε → 0 enables us to obtain the nal result whih in the rst
approximation ahieves the form of
H1(r, y) = −(γ + ln( y
π
)) (41)
G1(r, y) = ry (42)
Knowing the form of funtions H1(r, y) and G1(r, y) and the initial onditions
(37) it is possible to alulate the funtions H3(r, y), H5(r, y), G3(r, y)
H3(r, y) =
1
8
(2r2 + 2γ − 1)y2 + 1
4
y2 ln(y/π) (43)
H5(r, y) =
1
768
(8r4 − 24r2 − 12γ + 9)y4 − 1
64
y4 ln y/π (44)
G3(r, y) =
1
12
r(2r2 − 3)y3 (45)
These funtions are employed to express the eletron pressure and energy density
aording to the equations (28) and (30). Consequently the relation between
the total pressure Pf being the sum of the leptons and nuleons pressures and
the dimensionless Fermi momentum x is presented in Fig.2. The urves in
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Figure 2: The pressure Φ(x) as the funtion of the Fermi momentum x = pF /mc
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Figure 3: The energy density χ(x) as the funtion of the Fermi momentum
x = pF /mc
Fig, 2 are parameterized by the temperature and δ. The urves for the zero
temperature limit are obtained for two ases with and without (v = 0) the
presene of interation. The urve for the temperature T = 50MeV is the ase
with interations.
Analogous desription an be made analyzing the onnetion between the
energy density χ and the parameter x. See Fig.3.
3 The neutron star
The most important fator determining the struture of a neutron star is the
equation of state. This very equation makes possible to desribe a stati spher-
ial star solving the OTV equation.
dm(r)
dr
= 4πr2ρ(r) (46)
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dP (r)
dr
= −G
r2
(ρ(r) +
P (r)
c2
)
(m(r) + 4pic2 P (r)r
3)
(1 − 2Gm(r)c2r )
(47)
Having solved this equation the pressure P (r), mass m(r) and density ρ(r) were
obtained. To ahieve the total radiusR of the star the fulllment of the ondition
P (R) = 0 is neessary whih allows to determine the total gravitational mass
of the star M(R).
Introdution of the dimensionless variable ξ whih is onneted with the variable
r by the relation r = aξ (a = 1 km) enables us to dene the funtions P (r),
ρ(r) and m(r) in the following form
ρ(r) = ρcf
3
2 (ξ) (48)
P (r) = Pcu(ξ) (49)
m(r) = M0v(ξ) (50)
Some more parameters, namely
λ =
GMoρc
Pca
(51)
ω =
Pc
c2ρc
(52)
and
τ = 3
Mc
Mo
, Mc =
4
3
πρca
3
(53)
are also needed to ahieve the useful form of the OTV equation
du
dξ
= −λ(f(ξ) 32 + ωu(ξ))v(ξ) + ωτu(ξ)ξ
3
ξ2(1 − rga v(ξ)ξ )
(54)
dv
dξ
= τf(ξ)
3
2 ξ2 (55)
with
rg =
2GMo
c2
(56)
These equations an be solved speifying the entral neutron energy density
being the energy density for r = 0.
The equation of state is the funtion of the temperature and the neutron hem-
ial potential whih hanges with the radius r. Therefore the hanges of the
radius inuene the parameters of the star. Using the results obtained in pre-
vious hapter it is now possible to write the funtions P (r) and ρ(r) in the
form
ρ(µ, T ) = ρ0χ(x, T ) = ρcf
3
2 (ξ) (57)
P0Φ(x, T ) = Pcu(ξ) (58)
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Figure 4: The R-M diagram for the neutron star with interation and without
(v = 0).
and the variable x an be obtained
x = χ−1(
ρc
ρ0
f
3
2 (ξ)) (59)
Pcu(ξ) = P0Φ(χ
−1(
ρc
ρ0
f
3
2 ), T ) (60)
The funtion u(ξ) takes the form
u(ξ) =
P0
Pc
Φ(χ−1(
ρc
ρ0
f
3
2 (ξ)), T ). (61)
The solution of the Oppenheimer-Volko-Tolman equation depits the mass-
radius relation. Fig.4 allows us to ompare the zero-temperature mass versus
radius relation with the other temperature ases with and without (v = 0)
interation .
Fig.5. shows the hanges of the radius as a funtion of the neutron density
ρc in the enter of the star.
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Figure 5: The neutron star radius R(km) as a funtion of the neutron density
ρc in the enter of the star.
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4 Conlusions
Herein presented solutions of the Oppenheimer-Volko-Tolman equations of hy-
drostati equilibrium onern hot neutron stars. The neutron star matter in
this model onsists of neutrons, protons and leptons (eletrons,muons) being
in β- equilibrium under the assumption that the temperature is dierent from
zero. It varies from 0 to 50 MeV. The objetive of our work was to study the
inuene of the temperature on the main parameters of a neutron star. In order
to ahieve the proper form of the equation of state, whih is determined only
by the neutron Fermi momentum, it is neessary to alulate either the low
temperature or the high temperature expansion of the integrals (??) and (27).
This very simple model presents a few global properties of the hot neutron star
suh as the mass and the size.The parameters of neutron stars obtained in this
simplied model onsidering zero temperature and ases of nite temperatures
vary from one another. In eah of the mentioned above ases stars with the
same energy density inside are onsidered. However, their baryon numbers are
dierent whih makes eah of them a dierent star with spei baryon num-
ber. In this situation we do not deal with the thermal evolution of one star
with onserved baryon number but several separate ases. The star whose pa-
rameters at the temperature of 50 MeV are as follows: for δ = 1 M = 0.62M⊙
R = 8.08 km, for δ 6= 1 M = 1.3M⊙, R = 8.00 km At zero temperature limit
the star is haraterized by the mass 0.7M⊙ and the radius 10.54 km for δ = 1
and the mass 1.24M⊙ and radius 7.98 km for δ 6= 1. It is obvious that some
more extended models e.g. those inluding boson elds should be examined.
Therefore we would like to ontinue the subjet in our next papers
.
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